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Abstract—Robust model predictive control (MPC) is a well-
known control technique for model-based control with constraints
and uncertainties. In classic robust tube-based MPC approaches,
an open-loop control sequence is computed via periodically solv-
ing an online nominal MPC problem, which requires prior
model information and frequent access to onboard computa-
tional resources. In this article, we propose an efficient robust
MPC solution based on receding horizon reinforcement learn-
ing, called r-LPC, for unknown nonlinear systems with state
constraints and disturbances. The proposed r-LPC utilizes a
Koopman operator-based prediction model obtained offline from
precollected input—output datasets. Unlike classic tube-based
MPC, in each prediction time interval of r-LPC, we use an
actor—critic structure to learn a near-optimal feedback control
policy rather than a control sequence. The resulting closed-loop
control policy can be learned offline and deployed online or
learned online in an asynchronous way. In the latter case, online
learning can be activated whenever necessary; for instance, the
safety constraint is violated with the deployed policy. The closed-
loop recursive feasibility, robustness, and asymptotic stability are
proven under function approximation errors of the actor-critic
networks. Simulation and experimental results on two nonlinear
systems with unknown dynamics and disturbances have demon-
strated that our approach has better or comparable performance
when compared with tube-based MPC and linear quadratic regu-
lator, and outperforms a recently developed actor—critic learning
approach.

Index Terms—Model predictive control (MPC), nonlinear
systems, reinforcement learning (RL), robustness, state con-
straints.
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I. INTRODUCTION

ODEL predictive control (MPC) has received consid-
M erable attention due to its theoretical developments
and wide-spreading applications in industrial plants, robots,
etc., (see [1]-[3]). Most of the existing MPC approaches are
model based, whose implementations rely on the knowledge of
dynamics that are typically identified a priori. For control of
systems with modeling errors caused by identification and pos-
sible exogenous disturbances, robust MPC such as min—-max
MPC in [4] and [5] or tube-based MPC in [6], [7], and the ref-
erences therein can be used to ensure robustness and constraint
satisfaction. In classic tube-based MPC (also termed as tube
MPC) for linear systems, the resulting control is composed of
a nominal control action computed by a standard MPC and an
offline linear feedback control policy. However, in tube MPC
for nonlinear systems (cf. [7]), two nonlinear optimization
problems are typically solved, likely with an intensive com-
putational load. Resorting to the recent developments in the
machine learning community, in [8]-[10] and the references
therein, deep neural networks have been used to approximate
an explicit control policy of robust MPC. The control policy
is learned offline and deployed online. As a consequence, the
computational load can be dramatically reduced; however, new
issues, such as insufficient generalization and transfer abilities,
might be inherited through deep neural networks.

As a class of methods for solving optimal control problems,
reinforcement learning (RL) and adaptive dynamic program-
ming (ADP) have also received significant attention in the past
decades (see [11]-[17] and the references therein). Among
the classic RL and ADP approaches, infinite-horizon optimal
control problems with continuous state space can be solved
in a forward-in-time way via actor—critic learning. Along
this direction, various notable algorithms have been studied
in [18]-[20] for discrete-time nonlinear systems with prior
dynamical knowledge, in [21] and [22] for unknown discrete-
time nonlinear dynamics, and in [23] for unknown continuous-
time nonlinear dynamics. The extensions to learning-based
event-triggered control approaches can be found, for instance,
in [24] for discrete-time nonlinear systems and in [25] for con-
trol of autonomous vehicles under denial-of-service attacks. To
solve finite-horizon optimal control problems, a finite-horizon
ADP solution was proposed in [26] for nonlinear discrete-
time systems with input constraints, and the stability is
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guaranteed under an open-loop stability assumption. In [27], a
finite-horizon near-optimal control algorithm was presented for
discrete-time nonlinear affine systems with unknown dynamics
by using an identifier-actor—critic structure.

Due to the common roots in optimal control, the rela-
tions between MPC and RL and their comparisons have been
studied in [28] and [29], and some initial research works
on the integration of MPC and RL have emerged recently,
which can be called learning-based predictive control (LPC).
In [30] and [31], safe robust MPC algorithms were proposed
for learning-based control with an event-triggered mechanism.
In [3], a safe learning controller was presented based on set-
membership recursion. From a different perspective that this
article focuses on, RL with an actor—critic structure has been
used to solve LPC problems (see, e.g., [32] and [33]). The
optimization problem in each prediction interval is solved in a
forward-in-time manner via actor—critic learning. In specific,
a batch-mode RL-based predictive controller for discrete-time
systems with stochastic noises and control constraints was
proposed in [32]. In [33], an ADP-based functional MPC
was proposed for nonlinear discrete-time systems, where the
control saturation is used to deal with the control constraint.
The uniform ultimate boundedness of the closed-loop system
is proven under certain conditions, relying on a stability
assumption similar to [26].

In the framework of LPC, the closed-loop robustness for
unstable (stabilizable) perturbed systems under actor—critic
approximation errors is a critical issue, which has not been
addressed in [26], [27], [32], and [33]. Also, the trial-and-
error learning manner of RL could lead to a state constraint
violation, which is expensive for safety-critical systems. To
the best of our knowledge, no prior LPC with actor—critic
network has addressed this point. These issues motivated
our work.

In this article, we propose a robust learning-based predictive
controller using an actor—critic structure, i.e., r-LPC, for a
class of discrete-time nonlinear systems with unknown dynam-
ics, state constraints, and disturbances. This work can be
regarded as a new development of previous robust tube-based
MPC by using an RL-based strategy to learn closed-loop
control policies in an efficient way. The main features of
the proposed r-LPC are summarized as follows. First, the
proposed approach can learn an explicit closed-loop control
policy on the state variable. As a consequence, the con-
trol policy can be learned offline and deployed online, or
learned online in an asynchronous way whenever necessary,
for instance, the safety constraint is violated, such that the
online computational load can be reduced. The closed-loop
recursive feasibility, robustness, and asymptotic stability of r-
LPC are proven under modeling and function approximation
errors. Simulation and experimental results on two nonlinear
plants with unknown dynamics and disturbances have demon-
strated that our approach can obtain better or comparable
performance when compared with the previous tube-based
MPC [34] and linear quadratic regulator (LQR). In addi-
tion, the proposed r-LPC approach also outperforms a recently
developed actor—critic learning approach [35] in the adopted
tests.
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The remainder of this article is organized as follows.
Section II introduces the control problem and preliminaries.
In Section III, the theoretical property of r-LPC is given.
Section IV shows the simulation and experimental results,
while some conclusions are drawn in Section V. Some proofs
and offline computational details are given in the Appendix.

Notation: We denote NZ as the set of integers I, [} +
1,...,Db. Given the variable r, we use rir+y—1 to denote
the sequence r(k)...r(k + N — 1), where k, N € Ngo. For
a vector x € R", we denote ||x||é as x'Qx and ||x|| as the
Euclidean norm (as the Frobenius norm if x is a matrix). For
a matrix A € R™", we denote onin(A) as the minimal sin-
gular value. Given two sets Z and V, their Minkowski sum
is Z®YV = {z+v|z € Z,v € V}, and we denote Int(Z2)
as the interior of Z. For variables z; € R% and i € N’l"l R
we define (z1,22,...,2m) = [le zzT zg]T € RY, where

M
q= 21:1 qi-

II. PROBLEM FORMULATION AND PRELIMINARIES
A. Control Problem and Preliminary Solution

Consider a class of discrete-time nonlinear systems with
additive disturbances described by

x(k+1) = fx(k), u(k)) + w(k) (D

where x € X CR" and u € Y € R™ are the state and control
variables, w € W C R” is a bounded additive disturbance,
X, U, and W are convex sets containing the origin in their
interiors, and mapping f can be unknown. It is assumed that
fis c! and £(0,0) = 0, f < +o0 in the domain X x U, the
state x is measurable.

Starting from any x(0) € &, the control goal of interest is to
minimize a cost function Voo (x(0)) = 3,25 x(k) 15 +1lu(k) 1
subject to constraints x(k) € X, u(k) € U, where Q = o' e
R™™ and R=R" € R™" Q, R > 0.

In the following, we review a recently developed tube-based
Koopman MPC in [34] for solving the considered problem.

We first introduce the Koopman model based on the
Koopman operator (cf. [34], [36], [37]). To this end, let
¢(x) : X — C be an observable of state x and F be a given
space of observables. The Koopman operator describes dynam-
ics x(k+ 1) = f(x(k)) using a linear dynamic evolution of the
observable (cf. [34], [36], [37]), i.e.,

¢ (x(k) = Ko (x(k — 1)) = K¢ (x(0))

for every ¢ (x) € F.

To apply the Koopman operator for systems with controls,
i.e., (1), we define an extended state space X x £(Uf), where
£(U) is the space of {uw(i)}l‘.’iO with u, (i) = (@), w(@i)) €
U x W. Letting fw(x, uy) = f(x, u) +w and u,, (i) be the ith
element of u,, ‘= {u,(i)}72), one can write the evolution of
the extended state s = (x, u,,) as

stk+1) = F(s(k)) 3)

where F(s) = (fw(x, u(0)), I'u,,), I' is a left shift opera-
tor such that u,,(i + 1) = I'u,,(i). Hence, one can apply the
Koopman operator in (2) to (3), (see also [34], [36], [37]), i.e.,

¢ (s(k)) = Kp(s(k — 1)) =K' (s(0)) “4)

2
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for every ¢(s) : X x LU x W) — C belonging in F,, which
is a given space of ¢(s).

Note that in (4), the Koopman operator /C is of infinite
dimension. For practical concerns of controller design, a finite-
dimensional approximation of K is required. Especially, we
choose a collection of observables as ®(s) = (V(x), uy)
where U(x) = (Y1(x),...,¥7(x), i > n, and ¥, i € NI
are constructed as basis functions. Let the approximation of
Koopman operator be Ky € RV*N associated with ®(s),
where N = i1 + m + n. From (4), one writes

Q(stk+ 1) = Ky®(s(h)) + e (k) (&)

where ¢ is the error due to the approximation of /C.

As shown in [34], there exists an inverse mapping, denoted
as W1, such that W~ (W(x)) = x, i.e., the evolution of x can
be recovered with (2) through Ul Let CW(x), C € RV,
be an approximation of W1 such that x = U1 (W(x) =
CW (x) 4+ v (cf. [34]), where the approximation error v € V, V
is a compact set containing the origin. As the mapping from
®(s) to W(x) is of interest, we denote the first 1 rows of Ky
as [Cylia = [A B D], A € R™" B € R™™ and D € R™".
Let z = W(x), in view of (5), then one can write an equivalent
form of (1) considering the modeling errors, i.e.,

2(k+ 1) = Az(k) + Bu(k) + d(k), z(k) = W(x(k))
x(k) = Cz(k) + v(k)

where d = Dw+w € D is the exogenous input, w = &[1.4], D
is a compact set containing the origin. The model parameters
A, B, C, and D and sets D and V are computed in a data-driven
way, which are deferred in Appendix A-E.

The following assumptions about model (6) hold.

(A1) The matrix A is stabilizable and full rank.

(A2) The lifted function W (x) satisfies W (0) = 0.

(A3) W(x) is Lipschitz continuous for all x € X.
To control (6), i.e., (1), a robust tube MPC can be used. The
overall control law is given as

(6)

u=i* + Ke, )

where e, = z—2, matrix K € R™*" is such that F = A+ BK is
Schur stable, and #* is computed by a nominal MPC [deferred
in (10)] using the following predictor:

Z2(k + 1) = Az(k) + Bu(k) ®)
(k) = Cz(k).

By subtracting (6) with (7) and (8), the error e, evolves in the
following unforced system:
e;(k+ 1) = Fe,(k) + d(k) ©)
ex(k) = Cez (k) + v(k)
where e, = x — X. Let the robust invariant set of e, be O,,
such that FO, & D C O,. The corresponding robust “output”
invariant set of e, is defined as O, = CO, ® V.
Inline with [34], at any time k, a nominal MPC is solved
online to compute &* in (7), i.e.,

N-1
in V= 2k + i) |3+ |k + 0|3
min V=2 (I + 0l + e+ )

+ V(2 + N)) (10)

where 0 = 0T € R, Q0 > 0, ;) = |2llp, P = P" €
R™" P > ( is the solution to

F'PF—P=-0—K'RK. (11)

Problem (10) is performed subject to constraints (8), z(k +
)€ Z, ak+i)el, i e Nj”', and 2(k + N) € Z;, where
Z={z|]Cz0 O, € X}, Z/A{EBKOZ = U, Z; is a positive invariant
set of (8) under constraints Z € Z and u € U. Like [34], it is
assumed that the sets Z and { are nonempty and contain the
origin in the interior; otherwise, problem (10) is infeasible.

Remark 1: We now summarize the roles of the two con-
trol terms in the control law (7) as follows. The first term is
computed by solving a nominal MPC [see (10)] to generate
the center trajectory of the tube, where tightened constraints
%€ Z and it € U are enforced for real constraint fulfillment.
The auxiliary feedback term Ke; is introduced to steer the real
state z to Z.

Let @i, y_1; be the optimal solution to (10) at time , then
the control

u(k) = u* (klk) + Ke, (k) (12)

is applied at time k, and problem (10) is repeatedly solved
according to the receding horizon principle.

B. Definitions About Barrier Functions and Feasible Control

We also introduce a type of barrier functions about con-
straints to be used in the actor—critic learning algorithm for
state constraint satisfaction.

Definition 1 (Barrier Function): For any convex set Z =
{zeR"gi(z) <1Vie Nll’ }, a barrier function is defined as

P log(1 — gi(z)) z €Int(2)
otherwise.

5o - {15

We introduce the relaxed barrier function in the following
lemma according to [38] and [39].

Lemma 1 (_Relaxed Barrier Function): Let gi(z) = asz
where a; € R", and define a relaxed barrier function as
B(z) 5>k
B(z) = - 13
@ {Vb(z,a) 0 <K (13)

where ¥ > 0 is a relaxing factor, 6 = min; = ajz,

the function yp(z, 0):(—00, k) is strictly monotone and dif-
ferentiable, and v2y,(z, &) < V2B(2)|5—«, then there exists
a positive-definite matrix H, > (1/2)V>B(z)|5=«, such that
B(z) < z"H,z < Bmax(2), where Bnax(z) = max.cz z' H.z.
Proof: In view of Definition 1, for 6 > «, one has
T20(z,6) < v2B(z) < 2H,. As B(0) = 0, it holds that
B(z) < ZTHZZ is verified. [ ]
Definition 2 (Feasible Control Policy): The control policy
Uj.;+N—1 is feasible in the prediction interval [k, k + N — 1] if

~

i(tlk) €U, 2(zlk) € Z, and 2(k + NIk) € Z; VT e N) .

III. DESIGN OF ROBUST MPC BASED ON RL
In this section, we first give the control structure of the
proposed robust MPC based on RL, i.e., r-LPC. Then, we
present by order the finite-horizon RL algorithm and the
actor—critic implementation, for learning an explicit nominal
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a(2(k))
7€ [kk+N—1]
N ¢ (k) m Ke, (k) ,\Jf
L j\l
z=VU(x)
"= f(z,u) +w
— L e e
k<k+1
Fig. 1. Control structure of the proposed r-LPC algorithm.
Robust tube MPC: Proposed r-LPC:
u(z,5,k) =" (k) + Ke. (k) u(z,2,k) =i (2(k)) + Ke. (k)
a(z(k) =W/ h, (k). k)
Implicit policy on state
computed by a nominal
MPC. Explicit policy on state learned
via the actor-critic network.
Fig. 2. Difference between r-LPC and classic tube MPC. In classic robust

tube MPC (on the left-hand side), the controller is composed of a state feed-
back term and an implicit control policy &#* via numerically solving an online
nominal MPC. Whilst, in the proposed r-LPC approach, the term #(Z) is an
explicit policy on the state, learned via an actor-critic network.

control policy of r-LPC in each prediction interval. Finally,
the pseudocode of r-LPC is given at the end of this section.

A. Control Structure of r-LPC

In the proposed r-LPC approach, the control policy at any
time k is of type

u(z, 2, k) = u(z(k)) + Ke (k) (14)

where i(Z) is an explicit network-based control policy on
the state Z learned by a receding-horizon RL algorithm using
an actor—critic structure, while the second term is an offline
nonlinear state-feedback policy (see Fig. 1).

Peculiarly, in each prediction interval [k, k + N — 1] of r-
LPC, the actor and critic adopted in the finite-horizon RL
(deferred in Section III-C), are designed with neural networks
for approximating the near-optimal control policy and value
function. The learned actor network results in a nominal con-
trol policy, i.e., u(z(k + ilk)), i = 0,...,N — 1. Then, the
resulting control to be applied at time k is

u(z, 2, k) = a(2(klk)) + Ke (k). (15)

At the next time k + 1, the control policy #(z) can be directly
applied or improved via repeatedly solving the finite-horizon
learning problem. Also, the difference of the proposed r-LPC
with classic robust tube-based MPC is highlighted in Fig. 2.

In the following two sections, we focus on presenting
the finite-horizon constrained RL with an actor—critic struc-
ture for learning the nominal control policy, i.e., it(Z) in the
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prediction interval. First, the constrained Hamilton—Jacobi—
Bellman (HJB) equation is formulated and a finite-horizon
iterative RL is given to solve the HJB equation. Then, the
actor—critic structure is used to implement the finite-horizon
RL, which results in a network-based nominal control policy.

B. Constrained Finite-Horizon RL in the Prediction Interval

Note that it is nontrivial to deal with state constraints in the
learning process. Hence, we first transform the hard state con-
straint 2 € Z and control constraint # € I/ into soft ones with
barrier functions defined in Section II-B. Specifically, in line
with [38] and [40], the value function in (10) is reconstructed
using barrier functions on the states and controls, i.e.,

N—1
V() =Y r(ak+ i), itk + i) + Vi (2 + N))  (16)
i=0

where r(2(1), (1)) = [ZOI + IO + pBED) +
uBG(D)), VrGk + N)) = ViGk + N)) + uBrGlk + N)),
n > 0 is a weighting scalar that determines the influence of
barrier function values on V(z(k)), and barrier functions B(2),
B(ir), and Br(Z) are designed according to Definition 1 and
Lemma 1. In the case that Z is of an ellipsoidal form, i.e.,
Zr={z€ Rf‘| g(2) < 1} and g(z) is a quadratic function, we
set Br(2) = B(2).

In view of (16), the Lyapunov equation in (11) is modified as

F'PF—P=—-Q—K'RK — uH (17)
where H = H; +KTHL7K, H;, and H; are computed according
to Lemma 1 for constraints Z and /, respectively.

With the reconstructed barrier function-based cost func-
tion (16), the original constrained optimization problem (10)
is transformed as an equality constrained one, which can be
solved via the RL framework. To this end, at any time &, letting
the remaining cost function at the prediction time 7 € [k, k +
N=1]be V(1)) = YN0 " rG(e+i), i(r+i)+Vy GAN)),
one can write

V(D) = r(z2(), a(r)) + V(Z(r + D)

where VE(k+ N)) = Vi Gk + N)).
Let V*(z(1)) be the optimal value function at t € [k, k +
N — 1]. Then, the discrete-time HJB equation is given as

(18)

V(D) = min rE). () + VE@ + D) (19)
leading to the optimal control policy
" (z(t)) = argmin r(é(r), 12(1:)) + \7*(2(1 + 1)). (20)

u(t)

Let A(2(t)) = dV(3(1))/d%(r) be the costate and denote
Ar(Z2(k4+N)) = A(Z(k+N)) as the terminal costate. Substituting
4 with &* into (19) and in view of the optimality condition
aV*(z(1))/dir*(z(t)) = 0, one has

aB(i* (2(1)))

k(5 Tyx(a _
9 (o) +2Ri*(2(r)) + B A (2(t + 1)) = 0. (21)
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From (19), one has

e IB(2(1))
MEo) = 9z(t)

The computation of &* with (19) and (20) results in a non-
linear problem since B(-) is nonlinear. To solve this problem,
the following finite-horizon iterative RL (i.e., value iteration)
is introduced. Given an initial choice A°(z(r)) = 0, the
following two main steps are repetitively performed for all
t=k....,k+N—1.

1) Policy Improvement: Provided M@+ 1)

B(i(1))
ou(r)

+20%(1) +ATA* (3 + D). (22)

Wt (2(r)) = arg )| 4 + 2Ru(t)

+BTA Bz +1)=0¢. (23)

2) Value Function Update: Given i’ (3(1))

: B2 _ .
M (20) = u% +202(t) + ATA (3 + 1).
(24)

Remark 2: The convergence proof of 4i(7) and AM(7) Vr €
[k,k + N — 1] to the optimal values under value iteration
steps (23) and (24) can be easily verified as i — -o0,
following the results in [32] and [41].

C. Learning Nominal Control Policy With Actor-Critic
Structure

In the prediction time 7 € [k, k+ N — 1], instead of directly
solving steps (23) and (24), a regularized actor—critic structure
is used where the critic network is to approximate the optimal
costate A*(z(t)) and the actor network is in charge of learn-
ing the optimal control policy #*(z(z)). The resulting nominal
control policy is nonlinear, network based, and explicit, which
is different from that in classic tube MPC.

We first design the critic network. To this end, let A*(z(t))
be represented as

A E) = W he(3(x), T) + Ec(T)

where W, € RN*7 is the weighting matrix, h. € RV is a
vector of basis functions, and €.(t) is the network residual.
Let the adopted critic network be defined as

AGE(D) = W, heG(D), 7) (25)

for all t € [k, kK + N], where i(i(k + N)) is the approxi-
mated terminal costate, i.e., i(%(k +N)) = Xf(%(k +N)), W,
is the approximation of W, via minimizing the distance of the
optimal costate A* and 1. Note however A* is not available,
in line with [41] and (24), we define a target to be steered by
A, 1e.,

ra(2(T))

nPeP +202(0) + ATAGE + D). T € ko k+N)
= B, A ~
;{;(ZS)) +2P%(1) = Aay(2(2)), t=k+N
(26)

where Z(k + N) can be randomly chosen from set Z;.

Remark 3: In the learning process, with the goal of steering
Ads A is recursively updated along with W, based on the gra-
dient descend mechanism, which however might lead to the
state constraint nonsatisfaction since WC is related to A (rather
than Z). To improve the learning efficiency, one can instead
enforce the restriction on A. To proceed, let at time t = k4,
Z/ be the feasible set of problem (10), which can be com-
puted according to [42] since Assumption (A1) holds. With
Z/, one can compute an estimate of the set where A(r) lies
in, ie., A = ZQZJ AT AT starting from AN = 2PAN,
since dB(2)/0z is close to 0 in view of (26).

Once A Vj € Nllv are available, letting €.(1) = Aq(Z(7)) —
AG() VT € [k k+N—1] and e,y = Ag(G(k+N)) — AG(k+
N)), it is possible to define a regularized optimization cost of
the critic network as

5e(2) = || (ec(®) ) | + [L(B(i(z(r))) + Bf(i(z(k + N))))
(27)

where B(-) and By(-) are regularization terms on WC, defined
as barrier functions of constraints A(z(k +j) € A/ and A(z(k+
N)) € AN. At any time instant 7, the weight W, is updated
via minimizing (27) according to the following rule:

aé
We(t +1) = We(z) — 90:(7) (28)
3W( )
where 3, is the learning rate. Note that the term

38.(1)/dWe(1) = 38:(1)/dA(T) - dA(T)/dW,(T) can be com-
puted according to the chain rule since €.(r) and €.y are
related to )AL, and A is a function on WC [see (25)]. Likewise,
u*(z(t)) can be represented using a network

i (3(r)) = W, ha(3(0), T) + €a(T)

where W, € RV ig the weighting matrix, h, € RN« is a
vector of basis functions, and €,(t) is the network residual. To
define the actor network, in view of (21), we define a desired
control action it4(z(7)), T € [k, k + N — 1] satisfying

s B(a(E@))
G(Md(Z(T))) = W + 2RMd(Z(T))
—BTL(2( + D). (29)
The approximation of itz(Z(t)) is then defined as
a((r) = W, hy(G(r), 1), T € [, k+N =11 (30)

where W, is an approximation of W,.

Note that the left-hand side of (29) is composed of a
linear mapping and a nonlinear function on ig. Letting
€a(t) = G(a(2(1))) — G(a(E(1))), ll€a(r)]|* is to be mini-
mized in the learning process, which is equivalent to driving
ndB@(E(1))/0(E(T)) + 2Ra(3(T)) + BTAG(T + 1)) = 0
[see (21)] in the Euclidean norm sense. To also enforce a reg-
ularization on &, we choose to penalize €, via a regularized
loss function as follows:

8a(1) = lea(O I + AB((2(r)))

where the second term imposes a regularization on W, with
barrier functions. At any time instant 7 € [k, k+ N — 1], W,

€1V
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Algorithm 1 Pseudocode of r-LPC
Off-line designs:

1: choose W(x) such that Assumptions (A2) and (A3) are
fulfilled;

2: calculate A, B, C, and D with (64) (see Appendix A-E),
and check that Assumption (Al) is satisfied;

3: compute D and V according to [34];

4: calculate P and K with (17) and compute O;, O, with K;

5: compute Z, Z/Al, and Z with K.

Online procedures:

Input: Set the iteration threshold i, initialize Ya> Ve, Select
VAVa(r)A and W,(t) such that 8, < Bmax(i), and 8, <
Bmax()\), i=0.

1: At any time steps k=1,2,--- do

2 .. Y% %learning process in the prediction interval. . ...

3: repeat %%iteration loop in the prediction interval

4: for t = k,--- ,k+ N — 1 do %%finite-horizon

forward-in-time learning

compute #(z(t)), z(t + 1) with (30), (8);

compute AG(t 4 1)), Ag(2(x)) with (25), (26)

compute G(ity(z(t))) with (29);

generate A(Z(k+ N)), AgCG(k+ N)) with (25), (26)
using randomly selected terminal state Z(k + N) € Z;

® W

9: compute €.(t),€.ny and update Wc(r + 1)
with (27), (28);

10: compute €,(7) and update Wa(t + 1) with (31),
(32);

1 if 2(t) ¢ Z Vv i(t) ¢ U v 2k + N) ¢ Z then

12: Repeat steps 3 to 16 using re-initialized
weight (38) and break;

13: end if

14: end for

15: i<—i+1

16: until i =i

17: ...... Y% %apply the learned control to the system......

18: if V(k|k) < V(k|k — 1) then

19: generate u(z(k|k)) with (30);

20: else

21 compute u(z(k|k)) with (36);

22: end if

23: apply u(z, z, k) = u(z(k|k)) + Ke,(k) to system (1)
24 update z(k + 1), z(k + 1), X(k + 1), and x(k + 1);
25: k<~ k+1;

is updated via minimizing 8,(t) under the following rule:

984(7)

Wa(t 4 1) = Wa(1) — Ya— (32)
a a a AW,(7)
where 1y, is the learning rate. Likewise, the term

384(1) /W, (1) = 384(1)/diu(z) - 3i(t)/dW,4() can be com-
puted according to the chain rule since ¢, is related to & and
71 is a function on W, [see (30)].

In summary, the pseudocode of the proposed r-LPC
approach is given in Algorithm 1.
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IV. MAIN THEORETICAL RESULTS

In this section, we first prove the convergence of the
barrier-function regularized actor—critic learning algorithm
under (28) and (32) in each prediction interval, which has not
been proven by existing works, e.g., [26], [27], [32], and [33].
Then, we give a necessary condition to guarantee the recursive
feasibility and robustness of r-LPC, which is the main focus of
our work. Moreover, we show that the closed-loop asymptotic
stability can be ensured under no external disturbance.

We first introduce the following assumptions.

(Ad) Wl < Wi m» el < h*,m, el < g*,m, where * =

a, ¢ 1n turns.

Theorem 1 (Convergence  of  Actor—Critic):  Under
Assumption (A4) and the learning rules (28), (32), if
learning rates y, and y. are such that Gcl, Gal > (0 (whose
definitions are deferred in Appendix A-A), then there exist
Ne, Na > 0 such that

i+ 1) -2 @@+ )| =
laGz@) =i (@@) | < na-

telk,k+N—1], as N - 4o0. Also, if €,4, €., & — 0, and
A is Schur stable, then

(33)

We(r) = We, Wa(z) > W, (34)
and
MEE+1D) = M EE+ D)
i(2(0)) — i*(2(x)). (35)

te€lk,k+N—1],as N - +o0.

Proof: Refer to Appendix A-A. |

Remark 4: Theorem 1 implies that a sufficient large choice
of prediction horizon N is required to guarantee (33). To
achieve this, an outer iterative loop with a length of i (see
Algorithm 1) can be adopted since the weighting matrices W,
and W, are time independent. This allows using a smaller
choice of N via increasing i, such that iN is sufficiently large.

To state the following theorem in a compact form, letting
u(z(t]k)) be a control policy at any time k, we define a backup
policy at time k+ 1 as:

@' (Zk+ D) = a2k + 116)), ..., 4(2(k + N — 1]k))

KZz(k + N1k). (36)

Also, we let by = [h,(Z°(k+ 1)), ..., hy(Z°(k+ N))], where 2*
are computed with control policy @’.

Theorem 2 (Recursive Feasibility): Under Assumptions
(A1)—(A4), if the learned control policy u(z(t|k)) is feasible
(see Definition 2) at time k, then @° (Z(k+1)) is feasible at time
k + 1. Also, if h, satisfies the persistent excitation condition,
ie.,

pil < hah, < pol 37)
where p1, po > 0, then the weight W, satisfying
~ n i
Wi = (2 + D) (k] ) (38)

constructs a feasible control policy in the interval [k, k+N—1].
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Proof: Refer to Appendix A-B. |

Remark 5: Note that #(Z) = #’(2) can be directly used
whenever a learning failure occurs. For the sake of control
performance improvement, one can use Wa (38) as a feasible
initialization for improving the control policy.

Remark 6: We highlight that recent work in [43] proposed a
Lyapunov-based model-free RL approach to control dynamical
systems with safety constraints. However, the reliability of the
safety guarantee was closely related to the data samples used
in the training process. In our approach, the constraint satis-
faction can be fulfilled by resorting to the receding horizon
principle.

Theorem 3 (Closed-Loop Robustness): Under Assumptions
(A1)—(A4), let at time k

A u(z(k|k) if V(klk) < V(klk—1)
(k) = {ﬁgi(klk)— 1)) otherwise (39)
then the closed-loop asymptotic convergence of i, z, and X to
the origin and of u, z, and x to the robust tubes are verified, i.e.,
u(k), z(k), x(k) — 0, and u(k) - KO,, z(k) —> O,, x(k) —
Oy as k — +o0.

Proof: Refer to Appendix A-C. |

In the following, we prove the asymptotic stability under
w = 0. To proceed, in view of [34], vl s Lipschitz
continuous under Assumption (A3). Then, one can derive

w(z, u, O)|l < Lellzll 4 Lu |l (40)

for all z = W(x) satisfying x € X and u € U, where L; and L,
are Lipschitz constants. From (40), one has |w| < L.|z|| +
Ly||lzllgT g in view of (15) and of &, z — O asymptotically.

Theorem 4 (Asymptotic Stability): If w = 0 and there exists
a scalar y > 0 such that

FTPF—P+yL FTP|
PF —yl

where L = (L I+ L,K TK), the closed-loop system (6) and (1)
with (7) converge to the origin asymptotically, i.e., x(k) —
0, u(k) - 0, and z(k) — 0 asymptotically.

Proof: Refer to Appendix A-D. |

Remark 7: The interior-point numerical optimization
method takes O(N(n + m)3) operations for systems with
block-diagonal structure and O(N>( 4+ m)3) operations if
the block-diagonal structure is not exploited (see [44]).
However, the online computational complexity of our method
is roughly O(N(n + m)(n + N.)) given N. > N,. Also,
considering an offline training and an online deploying case,
the computational load is only due to (14) and (30).

(41)

V. SIMULATION AND EXPERIMENTAL RESULTS
A. Simulation Results on Van Der Pol Oscillator
Consider a continuous-time Van der Pol oscillator [37]. Its
model is given as

X1 _ X1 +w
|| =2x+ IOx%xz +0.8x1 +u

where x; and x» are the states, and u is the control, the
disturbance w = 0.4sin(107t). Let x = (x1,x2), then the

(42)

Value function iteration in the first prediction interval
T T T T T T T T

N =) %
S S S

N

Finite-horizon cost V(0[0

L L L

L . 1
10 20 30 40 50 60 70 80
Iteration steps

Fig. 3. Van der Pol oscillator: Variations of the value function V(0]0) in the
first prediction interval.

Desired terminal costate Ay and its approximated one 5\/
5000

o Ny ===\
4000
k\k 2000
—
0 0
0 100 200 300 400 0 100 200 300 400
= 500 - —
100 400 My == =4
300
50 200
oA 100 e
0 100200 300 400 100 200 300 400
Time steps Time steps

Fig. 4. Van der Pol oscillator: Desired terminal costate A4 ¢ and the
approximated one if, where )LI[I'Jf (i}”) is the ith entry of A4 (if).
following constraints are restricted, i.e., —(2.5,2.5) < x <
(2.5,2.5), =10 <u < 10.

To implement the proposed r-LPC algorithm, model (42)
was discretized with a sampling period T = 0.01 s to obtain
the discrete-time counterpart, i.e., (1). Then, to derive the
Koopman model, we selected a type of W(x) as W(x) =
(. Y1(x0), ¥2(0) — (0, ¥1(0), ¥2(0)) where ¥;(x) = |[lx —
cill*log(lx — cill), i = 1,2, n = 4, ¢; = (0.381, —0.341),
c2 = (0.267, —0.889) are the kernel centers randomly gener-
ated according to a uniform distribution. The model parameters
and sets V and D are computed according to the steps
described in Appendix A-E. The resulting constraint on the
nominal state x was —[2.38 2.05] < x < [2.38 2.05].

In the proposed r-LPC, the penalty matrices Q = I, and
R = 0.1. The penalty scalars related to barrier functions were
u = 0 = 0.001. The prediction horizon was N = 10. The
functions h, and h. were chosen as i, = h, = (o(2), v, vT2),
where o(z) = 1/(1 + exp(—W1Z + b1)), v = 0.001, where
W, e R3%4 b € R3, are weighting matrices.

The proposed r-LPC was first implemented with an ini-
tial condition x(0) = (1.5, —1.5). The weighting matrices Wa
and WC were initialized as uniformly distributed (UD) ran-
dom values. The simulations with r-LPC were performed in
MATLAB 2019a environment running with Windows 10 oper-
ating system. In each prediction interval, multiple episodes
were used to learn Wa and WC. The iterative variations of value
function V in a prediction interval are displayed in Fig. 3,
which shows V reduces gradually and converges to the neigh-
bor of a constant value after about 70 iterative steps. In the
following presented simulation results, the iteration in each
prediction interval was terminated if the terminal region was
reached and the episode was greater than 20. Also, as shown
in Fig. 4, the approximated and desired terminal costates
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TABLE I
VAN DER POL OSCILLATOR: COMPARISONS IN TERMS OF CUMULATIVE COST J
2(0) 0.5,-0.5) (1,—-1) (1,-1.5) (1L.5—15) (1.5,-2) (1.8—1.8) (2,-2)
t-LPC (learned online) 45 70 70 243 260 528 848
-LPC (learned off-line) 26 66 78 280 268 701 889
-KMPC [34] 25 68 71 270 247 599 861
LQR 22 79 87 287 275 576 870
300 V"“iati‘ons Of‘cumul"dtive CIOSt J "‘Lt I(O)‘ = (1'5" -15) Feasible control under constraint violation in a prediction interval
o - g BT ATITIE T | B ] T T ]
250 - - e 5 Safety recovery under constraint violation
. - - 2 wmale
W A o rRuRch sl o Ereeommd
;S r-LPC .
~ 150 F /I// ® LQR g °°°°°°oo
) = b,
100 F I' / § IConsttaint violation 2L L C oL o Lol ol ool oo la
y ,’l = 1 - CO00 —_ \Safe boundary
50 2
// on -
Q
0 ‘ ‘ : : ‘ ‘ ‘ ~ .
0 50 100 150 200 250 300 350 400 3 1 2 ) 4 5 6 7 8 9 10
Simulation steps 051 Prediction steps in the prediction interval
[0¢] [e00000e0000000000000000000000000000000000000]
Fig. 5. Van der Pol oscillator: Comparison of the cumulative cost J of the
three approaches at x(0) = (1.5, —1.5). 0 ! ‘ : ‘ ‘ : : ; :
PP 0= ) 5 10 15 20 25 30 35 40 45 50
Simulation steps
converge asymptotjcally to the origin, and the approximated Fig. 6.  Van der Pol oscillator: Feasible control recovery when a constraint

terminal costate by the critic network is close to the desired
one.

Comparisons With r-KMPC [34] and an LOR: The compar-
ative studies of r-LPC with --KMPC [34] and an LQR using
a local linearized model were also considered. For a fair com-
parison, parameters Q and R in the -KMPC and LQR were
selected the same as r-LPC. The variations of cumulative cost
J Z;V;i;n XU + Uiz, Nsim = 400, of all the three
controllers are presented in Fig. 5. The results show that the
control performance of r-LPC is slightly better than r-KMPC
and LQR in terms of regulation cost under x(0) = (1.5, —1.5).
To further verify the effectiveness of r-LPC, we also conducted
simulation tests with multiple different initial conditions. The
resulting cumulative costs obtained with r-LPC (using online
as well as offline learned policy), -KMPC, and LQR are listed
in Table 1. The results reveal that r-LPC can perform slightly
better in the case that initial conditions were far from the ori-
gin. Also, compared with LQR, r-LPC and r-KMPC can deal
with constrained control problems. As a piece of evidence to
the constraint satisfaction of r-LPC, the result of a safety test
is presented in Fig. 6, which shows that r-LPC can recover a
feasible control policy from constraint violation in the adopted
prediction interval.

B. Simulation and Experimental Results on an Inverted
Pendulum

Consider also the problem of regulating an Inverted
Pendulum. The continuous-time nonlinear system model is

X1 X7
bY) 5;(gsinx] + ucosx;) tw (43)
jC3 X4
X4 u

where x1, x2, x3, and x4 are the angle displacement and veloc-
ity of the rod, position and velocity of the car, [ = 0.5 m,

violation occurs. The logical value being 1 means a constraint violation is
detected when the proposed feasible control policy is applied to guarantee
recursive feasibility of r-LPC.

Fig. 7. Experimental platform of an inverted pendulum.

g = 9.8 m/s?, |wlleo < 0.5. Denoting x = (x1,x2, X3, X4),
the state and control are limited as —(0.25 rad, 2 rad/s, 1 m,
2 m/s)< x < (0.25 rad, 2 rad/s, 1 m, 2 m/s), |u|] < 20 m/s2.
For a visual display of the inverted pendulum platform, see
Fig. 7.

To derive the Koopman model, input—output datasets pairs
of (43) with M = 2- 10* were collected using a random control
policy with a uniform distribution. Gaussian kernel functions
were selected to construct W, i.e.,

V) = (x, Y1(x), v2(x), ¥3(x) — (0, ¥1(0), ¥2(0), ¥3(0))

where ¥;(x) = e’”x"'i“z, i=1,2,3, n =7, and kernel centers
c1 = (0.59,-0.73,0.14,0.04), ¢ = (0.67,0.26,0.2,0.72),
and ¢3 = (0.3, 0.99, 0.58, —0.37) are generated randomly. The
parameters of the linear predictor were computed similar to
the previous section (see [34]). The penalty matrices Q and R
were selected as Q =1, and R = 0.02. & = i = 0.001. The
functions h, and h. were chosen as b, = h, = (o (2), v, vT3),
o) = 1/(1 + exp(=WaZ + b)), Wa € R>¥7 by, € RI?
where v = 0.001. The variations of the terminal costate and its
approximated value are displayed in Fig. 8, which shows that
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Desired terminal costate As s and the approximated one j\f
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Fig. 8. Inverted pendulum: Desired terminal costate A4 s and the approxi-
mated one ):f, where AB]f (i}’]) is the ith entry of A4 ¢ (if)‘

TABLE 11
COMPARISONS WITH R-KMPC IN TERMS OF CUMULATIVE COST J

Prediction horizon N 8 12 16 20 32

r-LPC (learned online) 217 218 217 216 217

r-LPC (learned off-line) 149 148 148 147 148

r-KMPC [34] 151 151 151 151 151
r-LPC RDA-PG
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Fig. 9. Inverted pendulum: Control performance comparison between r-LPC
and RDA-DG in the experimental tests under no exogenous disturbance.

the approximated and real terminal costates converge rapidly
to the origin, and the approximated terminal costate is close
to the desired one.

Comparison With r-KMPC in the Simulation Tests: The
r-LPC and r-KMPC were implemented with an initial con-
dition x(0) = (0.1,0.1,0.2,0.2) and a disturbance w =
0.5sin(107r#). The r-LPC was run ten times to improve the
control performance. The final cumulative costs of r-LPC and
r-KMPC, ie., J = Z]N:s‘{" ||x(j)|le + ||u(j)||12e, Ngim = 600, are
collected and displayed in Table II, which show that the costs
obtained with offline learned policies are comparable to that
of -KMPC with different prediction horizons.

1-LPC under a sinusoidal noise LQR under a sinusoidal noise

o VWA o

S -0.1 -0.1

-0.2 -0.2

-0.3 -0.3
200 400 600 800 1000 200 400 600 800 1000

1 1

-1 -1
200 400 600 800 1000 200 400 600 800 1000

0.2 0.2

02 0.2
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1 1
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200 400 600 800 1000 200 400 600 800 1000

10 10

s 0 0
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Fig. 10. Inverted pendulum: Control performance comparison between r-
LPC and LQR in the experimental tests under an additive sinusoidal noise,
ie., w = 0.1sin(2071).

Cumulative cost under a uniformly distributed noise

200 8000
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Fig. 11. Inverted pendulum: Comparison in terms of cumulative cost of the
r-LPC, RDA-PG, and LQR in the experimental tests under UD noises.

Comparison With an RDA-PG [35] and an LQR in the
Experimental Tests: In peculiar, a recently developed regular-
ized policy gradient method, i.e., RDA-PG in [35] and LQR
were used for comparisons in the experimental tests. The con-
trol policies used in the experimental studies of r-LPC and
RDA-PG were learned offline. All the experimental tests were
performed with the sampling interval 7 = 0.01 s. The tests
were validated in three model conditions, i.e., the inverted pen-
dulum was run under a nominal condition, a sinusoidal (S)
noise w = 0.1sin(20xr¢), and a UD noise with an amplitude
of 0.003 and a frequency of 10 Hz, respectively. The compar-
ative results of r-LPC and RDA-PG in the nominal case are
initially displayed in Fig. 9, which shows that our approach
performs better than RDA-PG. The comparative results of r-
LPC and LQR in Fig. 10 under the sinusoidal noise illustrate
the strong point of our approach to LQR. Moreover, the com-
parative results of the three controllers under the UD noise
in terms of the cumulative costs J, = gl’f ||x(k)||2 and
Ju = ZkNiT llu(k)||? are displayed in Fig. 11, which shows
that our approach results in the lowest value of J, and J, for
the regulation of state and control, respectively. For compre-
hensive comparison, the mean cumulative costs, Je=Jy /Nsim
and J, = J,,/Ngim, in the prescribed three model scenarios are
collected and displayed in Table III, which shows the effec-
tiveness of r-LPC in control of systems under disturbances
when compared with RDA-PG and LQR.
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TABLE III
INVERTED PENDULUM: COMPARISONS OF MEAN CUMULATIVE
COSTS IN EXPERIMENTAL TESTS

Model Nominal S noise  UD noise
LLPC ,{1 0.01 0.44 0.08
Ju 0.79 22.3 7.51
RDA-PG [35] {1 0.03 104 0.26
Ju 12 31.4 7.98
LOR {m 0.008 0.99 0.17
Ju 0.6 33.5 12.6

VI. CONCLUSION

This article proposes a robust LPC scheme, i.e., r-LPC,
for nonlinear discrete-time dynamical systems with unknown
dynamics, state constraints, and uncertainties. In r-LPC,
instead of numerically computing a control sequence by a
nominal MPC, an actor—critic learning algorithm is proposed
to learn an explicit time-dependent control policy in a
receding-horizon manner. The resulting output of r-LPC is
composed of an RL-based control policy and an offline
nonlinear state-feedback policy. As the prominent feature,
r-LPC can guarantee feasibility in each prediction interval
if state constraint violations occur by actor—critic learning,
which allows applying our approach to control safety-critical
systems. The closed-loop robustness with r-LPC under approx-
imation errors is proven, and asymptotic stability under no
exogenous disturbance is obtained.

The proposed r-LPC algorithm has advantages over previous
robust MPC and model-based optimal control methods. For
instance, compared with tube MPC (see [7], [34]), r-LPC
results in an explicit control policy, allowing for control
implementation with limited computational resources; while
compared to LQR, the advantage lies in the resultant nonlinear
control policy, the constraint fulfilment, and the online learn-
ing ability due to the actor—critic learning. Future works will
focus on the extension of r-LPC to continuous-time nonlinear
systems.

APPENDIX
A. Proof of Theorem 1

1) Consider the Lyapunov function
L(t) = La(7) + Lc(7)

where L, = (1/2)tr(WjW*), W, = W*—VAV*, * = @, ¢ in turns.
In view of (28) and (32), the difference of L writes

AL(t + 1) = ALy(t) + AL.(7) (44)

where

AL, (7) = tr(y*VB*(r)TW*(r)) +O.5tr<y,2V8*(r)TV6*(r)) .

VL,,1(7) VL, »(7)

(45)
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Vé, = 88*/3‘717*, * = a, ¢ in turns. To compute AL, in view
of (27), one writes

r(lleeI? + Jecn|)
V(SC(‘L.) = 8W

Vée,1(7)

| me(r(E(e) +5 ()

Ve a(1)

(40)

For the sake of simplicity, in the rest of the Appendix, we
use g to denote a generic variable g with time index t, i.e.,
q(1), g™ to represent g(t + 1), gy = g(k+N). In view of the
definition of A4 and A*, it holds that
€c=hg— A+ =14

=& + Ae. 47
where & = —ATWht + W/ h., Aé. = é. —ATEr. The term
V4.1 in (46) can be computed as

Vier = —=2(helte + A& T — hf (6 + A& TAT

+ hen(Een + &) ") (48)

where £x = W hen, hey = he(k + N).
Consider the constraint on A of type A' = (AATZiA < 1).
Then, one can compute the term V4§, in (46) as
Ve = 271 (1 e Wz + ki henhy WeZiy ) o= 2
(49)
where K), = 1-— XTZI‘)AL, K)N = 1— iTZNi.

In view of (48) and (49), one can write the first term
in (45) as

VL1 _2Vctr<gc(€c + Aéc)—r + &En(Een + écN)—r - /_LVNVCT(U)
—te(JE + & Mp1 — 27 W/ o) (50)

where &. = (&, En), p1 = (A&, €), and M = 2y.I». Also,
one can compute

Vi, = tr(—HécHél +&/(Gap1 + G3p2) +§ec> (51)

where py = (Wl he, When), ge. = 2v2 (0! 0 + 200 o +
flo'w)), and ¢ = —h A&l +hFAETAT — hene,

B
G| = — 81 812
812 82
g1 = 2y2(he + hTATA —2ATH[ 1), g2 = 2y2hen, 812 =
2y2(h heny — AR Then), G = q ' q for g = he, hey, BE

Gy = [83 g4:|
85 86
and where g3 = 4y2(h. — h] hTA — (h)ThAT + hFAAT)

84 = 4y2(=(hD) ThenA+h] hew), g5 = 4y2 (hlyhe—hlyhEA),

86 = 4)/C2h;rhc/\/
G; = [87 gs}
89 810
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and where g7 = 4,1;/(,2;(;1(—130 + () ThAZ;,

88 = Aay2iy (—hlhey  + (h+)Tth)A)ZN7

g0 = —4iy2k; 'hlyheZi, and g1o = —4jiy2k;yhenZy.
Taking (50) and (51) into consideration, AL, results

- 2 -

AL =u(~[&[, +E& (Gam +Gap) +82) (52)
where Ge1 = G+ M, Geo = G2 — M, Gz = G3, and g, =
8e +2veilW/ .

Applying Young’s inequality and the Cauthy—Schwartz
inequality, it holds that

_ o _
(&7 (Gapr + Gaapn)) = 5 (1Gl + 1Gal?) 1E 1P

1
+ 5~ (ler? + 21?)
(0%

where o, > 0. As WC is boundec~l provided &, is finite,
we assume |[|W.| < W,,, then |[W.|| < 2W,, in view
of Assumption (A4). One can promptly have |o| < o,

lcll < @c, and [[ge || < &c,m, Where the derivation of @, @c,
and g is trivial and neglected for simplicity. Hence, (52)
leads to
= 2
AL(7) < —[&(D),, +resc (53)

where Gei = Get + [@c/21(1Ge2|* + Gll?), tese = gem +
[1/20:1(2€2,, +2W2 k2 ).
As a second step, we compute the AL, in (44). Note that

in view of (31), one has

aur(lleall® + AB(G)

Vé, = =
oW,

Consider the input constraint of type U = {i Z u <
1,Vi € RY}. One can write [(3B(i))/(00)] = Yo 1auTlKa L
where ;=1 — a;r’iz}. Hence

atr(|leqll? _ T_

elled) _ _yy, (patRW]ha) BRI (54

oW,

where ¢, = (ayi+Dé+B" W/ hf+BTe}, Rl = 2R+« au i
Ry =2R+ 21:1 au,,fcu,lllca’il Kyi=1-— au,lud, ayi = au,lauTJ

Recalling the fact that [(da' X" b)/dX] = ba' where X is a
matrix, a and b are two vectors, one has
atr(B(i(x)))

. = hal, (55)
AW, (1)

where [, = Zp u i, l. Hence, denoting &, = W h,, In
view of (54) and (55) it follows that:

ALy = tr(— &l + Gaka+ gz, )

where Ga = Qyd — 2y2hq Rziel)ieliez Gpn =
4y} R2R1R1§0aha ZVHquoa + Walu + 2Va 2ARyR Iu"hy) T,
ha h ha, 8e, = 2Va Rl%ha% Rl - 27/4 MZMTha%Rl +

1/2y2 i ZluTh Iu.

Likewise, in view of Assumption (A4), one can promptly
have [loqll < @a, lull < L, llge, Il < 8am, and [|Ga2ll < Gam,
where the derivation of ¢, Iy, g4.m, and Gy, is trivial and is
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neglected for simplicity. Applying Young’s inequality and the
Cauthy—Schwartz inequality leads to
2
< — Nl

+ res, (56)

where Gu1 = Gai — (a¥a/2), g > 0 is a tuning parameter,

resq = 52~ Gy, + 8am- With (53) and (56), one can write
5 )
AL < —[é&g,, — &l +res (57)

where res = res, + res, leading to the variables §c(r) and
&,(t) converging to the corresponding sets as T — N and
N — 400, ie.,

Ee(D|| £ —=—, &I = —F=—. (58

“ ‘ ” mm(Gc ) ‘ mm(Gal)

In view of the definition of §C [cf. (47)] and &,, one has
éczeé_ga Sa=€,— €

where ei = (€., €cn) and EC = (A€, €cn). Hence, (58) results

€ ('C)H < + Ta€em =1 (59a)
Umln(Gcl) o ‘
€S _
lea(D)| £ ——— + €am = Na (59b)
O'min( al)

where the inequality in (59a) comes from that |[&.| =
JAET A&+ E]yeen < macem and ma = 2+ 2] AT + [A7].
2) Provided that_ é& = 0, ey = 0, and ;1_: 0, one
has AL.(t) < _HEC(T)HZG.] which implies that &.(t) — 0O
exponentially. That is to say, X(t) converges to A4(t) at an
exponential rate. In view of this, one can rewrite (26) as

: IB(z(0))
A.l+l 2 — __\77
¢ Go)=mn 2%)
where the superscript i is the iterative step corresponding to
W (t +1), ie., A (z(r)) = W (t + i) "he (7). In view of (22)
and denoting A as ~tl_le subtraction of A* and A4, one promptly

has At (1) = ATAi(z 4+ 1). By induction, one has

+203(t) +ATA(B(r + 1) (60)

Moy=@HR %z +i) >0

as i — 400, due to the fact |[AT|| — 0 for i — 400 in view
of A being Schur stable. This also implies 5\(‘[) — A*(1) for
T e€lk,k+N—1] as N - +oo. With this result, the term
Wkt in (54) is a vanishing term, then one has

2
< —lgall}

leading to the result that &, converges to £. Hence, Wc(r) —
W, and W,(t) > W, as T — N and N — +o0.

B. Proof of Theorem 2

Assume that at any time instant k, a feasible control
sequence can be generated with (30) at time k. We denote the
near-optimal control policy as u(z(k|k)), ..., u(z(k+N — 1|k))
associated with a near-optimal cost given as V(k) such that
x(k+ilk) € X, u(k+ilk) € U Vi e [0, N—1], 2(k+N|k) € Z;.
At the next time instant k + 1, (36) is a feasible choice
such that x(k + ik + 1) € X, utk+ilk+ 1) € U Vi €

Authorized licensed use limited to: JILIN UNIVERSITY. Downloaded on June 30,2022 at 10:27:05 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

[1,N], z(k + N + 1|k + 1) € Z;. This is due to the stan-
dard recursive feasibility argument of MPC (see [6]). Hence,
with (36), the recursive feasibility of the finite-horizon RL
follows. Moreover, provided the feasible policy #°(Z(k + 1))
[see (36)] at time k + 1, the corresponding weight satisfies
W h, =&’k + 1)) leading to (38) in view of (37). ]

C. Proof of Theorem 3

At time instant k + 1, the learned cost V(k+ 1|k + 1) might
not be smaller than V(k + 1]k). In this case and the case that
feasibility is not guaranteed, the control policy (39) can be
applied. Hence, denoting VS(k+1) = min{V(k+1|k+1), V(k+
1|k)}, one has

VS(k4 1) — VS(k)
= _(”2(") 15+ lato | + wBE®) + ,uB(it(k)))
— uBr(2tk +N)) + uBr(2(k + N+ 1))

. 2
+ |2tk + M| FTPF—P+Q+KTRK+uH" (6D

Recalling that
Br(3(k+ N+ 1)) — B (23(k + N))
1 1

T 1 _2k+N)FTZF2k+N) 1 —2(k+N) Zi(k + N)
(62)

<0

in view of (17), from (61), the monotonic property of the value
function is obtained, ie., V(k + 1) — V(k) < —(||2(k)||2Q +
||i¢(k)||% + uBG(k)) + uB(@k))), which leads to V(k + 1) —
V(k) — 0 as, k — oo. Hence, 2(k), it(k) — 0 asymptotically.
Consequently, x(k) — 0 asympotically since X = CZ. Recall
that the real state remains inside the tube, ie., 2® Z € X,
then the robustness is obtained, i.e., z(k) — O,, consequently,
x(k)y — O, asymptotically.

D. Proof of Theorem 4

We present a different proof to [34]. Recalling that i, Z,
X — 0 (cf. Theorem 3) and w = 0, one can write (6) as
{z(k + 1) = Fz(k) +w(k), [wB)| < llz()lf (63)
x(k) = Cz(k) 4 v(k).
Consider the Lyapunov function V(k) = z(k) " Pz(k). To guar-
antee asymptotic stability, its difference AV(k) = z(k +
DTPzk + 1) — z(k)"Pz(k) = z()T(FTPF — P)z(k) +
27(k) TF T Pw(k) +w(k) "w(k) < 0, leading to the linear matrix
inequality (41) by applying the S-procedure in [45] with
the condition [|[w(k)|| < ||z(k)||;. Indeed, with (41), one has
that z(k) — O asymptotically. Consequently, it follows that
u(k) — 0 asymptotically. In view of W(0) =0 one has v =0
as x = 0. Hence, x = Cz+ v — 0 asymptotically.

E. Derivation of A, B, C, and D and Sets D and V

Inline with [34] and [37], the matrices A, B, C, and D can
be computed using input and output datasets. Let us assume
to have L datasets of (w;, ui,xi,x?), where xl* is the suc-
cessor state of x; by applying (w;, u;) to (1), and w; can be

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

computed using nonlinear estimation methods if it is not mea-
surable (see [37]). It is assumed that {(ui,x,-)}iL:1 are drawn
independently according to a nonnegative probability distribu-
tion. Then, A, B, C, and D can be obtained via minimizing a
type of cost function defined as

L
Loss = ) _[AW(x;) + Bu; + Dw; — W (x") ”2
i=1

+ IC¥ (x;) — xil> + «ll[A B DI|* + BICI>  (64)

where o« and § are positive scalars. With (64) being solved,
sets D and V can be estimated according to the empirical risk
evaluation in [10]. For computational details on the derivation
of D and V, refer to [34].
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